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Abstract
Does every partial order of singular cofinality λ have an antichain of size cf(λ)? This is the Singular Cofinality Conjecture.
M. Pouzet proved [M. Pouzet, Parties cofinales des ordres partiels ne contenant pas d’antichaines infinies, 1980, preprint] that there
must be an infinite antichain. When cf(λ) is uncountable, the positive answer is only consistently true, but unknown in ZFC. In
this note we investigate this question from the purely set-theoretic point of view. On the way, we answer a question of Milner and
Pouzet from [E.C. Milner, M. Pouzet, Posets with singular cofinality, 1997, preprint].
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1. Introduction
Definition 1. Let (P,≤) be a partial order.
(1) For x ∈ P , x = {y ∈ P : y ≤ x}.
(2) For A ⊂ P ,
A = {y ∈ P : ∃x ∈ A y ≤ x} =
⋃
{a : a ∈ A}.
(3) Similarly, x = {y ∈ P : y ≥ x} and A = {y ∈ P : ∃x ∈ A y ≥ x}.
(4) cf(P,≤) = min{|A| : A ⊂ P & P ⊂ A}. This is the cofinality of (P,≤).
(5) An antichain is a set of pairwise incomparable elements of P .
Note 2. If cf(P,≤) = λ, then (∃Q ⊂ P)
(a) Q is cofinal in P ,
(b) Q is a nowhere decreasing sequence of order type λ, and hence
(c) Q is a well founded hierarchy of height ht(Q) ≤ λ.
Proof. If X = {xα : α < λ} ⊂ P is a cofinal subset of P , then Q = {xα : (∀β < α) xβ  xα} is a cofinal subset of P
in a “non-redundant indexing order”. 
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2. The singular cofinality conjecture
Around 1980 Maurice Pouzet [9] proved the fundamental result that a partial order whose cofinality is a singular
cardinal has an infinite antichain. A few years later the following elegant argument was discovered by Pouzet and his
collaborators.
Theorem 3. Suppose cf(P) = λ > cf(λ). Then the number of antichains of (P,≤) is at least λ+.
Proof. Assume (P,≤) is well-founded and let A = {A ⊆ P : A is an antichain in (P,≤)}. Consider a partial order
(Q,), where Q = {Q ⊆ P : cf(Q) = cf λ and Q = Q P}, Q1  Q2 iff Q1 ⊆ Q2.
By Note 2(b), P has an unbounded sequence of length cf(λ), and thereforeQ 
= ∅ and ∪Q = P . Also by Note 2(b),
but applied to (Q,), cf(Q,) 
= λ, because every subset of Q of size cf(λ) is bounded in Q (by its union).
φ : Q −→ A, given by φ(Q) = the set of minimal elements of (P \ Q), is an injection (because A ∈ A uniquely
defines an initial part Q = Q = P \ A of P). Therefore, |Q| ≤ |A|, and if |A| = λ, then cf(Q,) < λ. But the union
of a cofinal subset of (Q,) is cofinal in (P,≤) and has the cofinality < λ. 
Corollary 4. Suppose cf(P) = λ > cf(λ) and λ<κ = λ, then P has an antichain of size κ .
For example, if cf(P,≤) = ω1 , then (P,≤) contains an uncountable antichain.
Does every partial order of singular cofinality λ have an antichain of size cf(λ)?
This question is the main, or major, concern of papers [1,3–8,11]. A positive answer is conjectured explicitly, for
example, in [8]. Recently, this problem was taken up by Assaf Rinot in his comprehensive study [10], which is focused
on the consistency strength of the existence of a counterexample to this Conjecture.
It follows from Corollary 4 that the answer to this question is, indeed, positive when λ<cf(λ) = λ.1 Nothing else is
known.
We single out, specifically, the following basic case.
Question 5. If cf(P,≤) = ℵω1 (and (ℵω1)ℵ0 > ℵω1 ), must (P,≤) have an uncountable antichain?
There is a mystery in partial orders with singular cofinality which begs to be uncovered. Our first aim in this paper
is to produce an alternative argument for Theorem 3. Second, we will do this “by brute force”, in order to see how
antichains are forced to appear in the partial order. And then we will count them.
3. The cardinal sequence of external cofinalities
Definition 6. ecf(A, P) = min{|B| : B ⊂ P & A ⊂ B}, and we may also write, for short, ecf(A) for ecf(A, P). This
is the external, or essential, cofinality of a subset of P in (P,≤).2
Let E(P) = {ecf(A, P) : A ⊂ P}.
This is the set of all external cofinalities of subsets of (P,≤). Let us enumerate it:
E(P) = 〈µ0 < µ1 < · · · < µγ 〉.
Proposition 7 (Canonical Properties of E-sequences).
(a) µ0 = 0, µ1 = 1, and µγ = cf(P), the last cardinal in E .
(b) If α = β + 1 is a successor ordinal, then µα is a regular cardinal.
(c) If α is a limit ordinal, then µα = sup{µβ : β < α}. I.e. E is continuous.
(d)3 cf(µγ ) ∈ E(P).
1 For example, this is, obviously, implied for all λ by the GCH, but see [10] for weaker assumptions.
2 To keep things in the right perspective, note that the only formal requirement for cf and ecf to be defined is the reflexivity of the relation ≤.
And, indeed, in what follows, the transitivity of ≤ is not used.
3 It is a curious remark with an easy proof that if ℵ0 /∈ E(P), then P is a finite union of upward directed sets (cf. e.g. [11], Theorems 1 and 2).
Indeed, if k ≥ 1 is the largest natural number in E , pick {x1, . . . , xk } ⊆ P witnessing this. As witnesses of k ∈ E , x1, x2, . . . , xk are all disjoint,
and by the maximality of k in E ∩ ω, each xi is directed. For the same reason, P is the union of k directed sets (xi ).
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Proof. (a) cf(P,≤) = ecf(P, P) ∈ E .
(b) Otherwise, κ = cf(µβ+1) < µβ+1. Let A ⊆ P, |A| = ecf(A, P) = µβ+1. Then A = ⋃i<κ Ai , |Ai | < µβ+1,
hence ecf(Ai , P) ≤ µβ . Then ecf(A, P) ≤ κ · ecf(Ai , P) ≤ κ · µβ = max {κ,µβ} < µβ+1, contradiction.
(d) By Note 2(b). 
Thus, when λ = cf(P,≤) is a singular cardinal, E(P) \ {λ} is a “thick” (in the sense of (b)) closed and unbounded set
of cardinals in λ. A canonical example of a (P,≤) producing a given E-sequence would be the finite support product
of the regular cardinals from E .
Note 8. By (b) and (c), if cf(P,≤) = λ > cf(λ) is a singular cardinal, then sup(E(P) − {λ}) = λ. Therefore, by (b),
we may choose an increasing sequence of regular cardinals
γ = 〈γi : i < cf(λ)〉 ↗ λ, γ0 > cf(λ),
γ ⊂ E(P),
and sets
Bi ⊂ P (i < cf(λ)),
with
|Bi | = ecf(Bi , P) = γi
and
B =
⋃
i<cf(λ)
Bi
cofinal in P .
4. Thinning out and the antichain condition
We immediately note that if those Bi are represented by unbounded chains then there is an antichain of size cf(λ).
In general, in the case of a singular λ = cf(P,≤), a proffering itself thinning out of the Bi gives a B = 〈Bi : i <
cf(λ)〉 with the additional property that every finite antichain selection from the B has a large (in the sense of ecf) set
of extensions above it (and trivially below).
Proposition 9. If λ = cf(P) is a singular cardinal, then P has (a large number of) infinite antichains. It follows also
that if cf(λ) ≥ ω1, then, for every α < ω1, there are antichains of P of the “choice type” α.
Proof. The antichains are constructed by induction, which, by the following lemma, never stops at a successor stage.
Lemma 10. Suppose cf(P,≤) = λ > cf(λ), and γ and B are as above in Note 8. Then, for each i < cf(λ), there is a
B ′i ⊂ Bi with ecf(B ′i ) = γi such that
∀F ∈ [cf(λ)]<ω
∀φ ∈
∏
j∈F
B ′j
∀i ∈ cf(λ) − F
ecf(B ′i − ran(φ)) = γi .
Proof. We will thin out Bi to B ′i , one by one, by induction on i < cf(λ). At the stage i < cf(λ), we assume that the
following i holds:
∀F ∈ [i ]<ω
∀φ ∈
∏
j∈F
B ′j
∀k ≥ i
ecf(Bk\ ran(φ)) = γk,
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and we want i+1 with the new B ′i ⊂ Bi . Let φ be as in i , and also fix k ≥ i + 1. Let S = S(k, φ) = {x ∈ Bi :
ecf(Bk\ ran(φ) ∪ {x}) < γk}. Then S ⊂ Bi implies that
|S| ≤ γi < γk .
Therefore
ecf
(⋃
x∈S
[Bk − (ran(φ) ∪ {x})]
)
< γk .
By inductive assumption,
ecf(Bk − ran(φ)) = γk .
Therefore⋃
x∈S
(Bk − ran(φ) ∪ {x}) 
⊃ Bk − ran(φ).
So pick p ∈ (Bk − ran(φ)) −⋃x∈S(Bk − ran(φ) ∪ {x}). Then ∀x ∈ S p ∈ x , i.e. x ∈ p. Hence ecf(S, P) ≤ 1. Let
S˜i =⋃{S(k, φ) : i +1 ≤ k < cf(λ), ∃F ∈ [i ]<ω φ ∈∏ j∈F B ′j } ⊂ Bi . Then ecf(S˜) ≤ sup j<i γ j · cf λ < γi . Finally,
let B ′i = Bi − S˜i . Then ecf(B ′i ) = γi , and i+1 holds with B ′i .  
Theorem 11. Suppose cf(P,≤) = λ, λ a singular cardinal. Then the number of infinite antichains in P is at least λω.
Proof. Let γ = 〈γi : i < cf(λ)〉 ↗ λ, as in Note 8, and let I ∈ [cf(λ)]ω. Using Lemma 10, we can actually inject∏
i∈I γi into the set of antichains of (P,≤). Indeed, enumerate I as {in : n ∈ ω} and enumerate B ′i of Lemma 10 as
B ′i = {bαi : α < γi }. Given an f ∈
∏
n∈ω γin , we will associate with it an antichain of the form ran(φ), φ ∈
∏
n∈ω B ′in ,
by the following inductive rule: for n ∈ ω, φ(n) = bαin , where α is the f (n)-th ordinal superscript among members of
B ′in \ (ran(φ  n) ∪ ran(φ  n)). By this injection, the number of antichains of (P,≤) is at least | γ ω| = λω (see, e.g.,[2]). 
Furthermore, if λ<cf(λ) = λ and cf(λ) ≥ ω1, then one can further thin out B , making all antichain-selections with
bounded height and “ecf-small” number of possible upward extensions up-maximal, i.e. “worse” than before.
Lemma 12. Suppose cf(P,≤) = λ > cf(λ) and λ<cf(λ) = λ. We may thin out the Bi of Note 8 to B ′i ⊂ Bi in such a
way that
∀I ∈ [cf(λ)]<cf(λ)
∀φ ∈
∏
j∈I
B ′j
if ran(φ) is an antichain of (P,≤), then ∃i = iφ > sup I such that ∀k ≥ i
either (B ′k − ran(φ)) = ∅
or ecf(B ′k − ran(φ)) = γk .
Proof. By λ<cf(λ) = λ, enumerate all bounded antichain selections:
A = {Aα : α < λ} =
{
ran(φ) : ∃I ∈ [cf(λ)]<cf(λ), φ ∈
∏
j∈I
B j , ran(φ) is an antichain
}
.
Let Ai = {Aα : α < ∪ j<iγ j , Aα ⊂ ∪ j<i B j }. Then A = ⋃i<cf(λ)Ai and |Ai | < γi . Fix i < cf(λ). For A ∈ Ai , let
T (A) = T (A, i) = Bi − A. Set Ti = ⋃{T (A) : A ∈ Ai and ecf(T (A) < γi }. This defines, for each i < cf(λ), a set
Ti with ecf(Ti ) < γi . Finally, for i < cf(λ) set
B ′i = Bi − Ti .
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Then ecf(B ′i) = γi , moreover, ecf(Bi − B ′i ) < γi . We observe that for every bounded antichain A (meaning
∃I ∈ [cf(λ)]<cf(λ) ∃φ ∈ ∏ j∈I B ′j A = ran(φ)) there is an i < cf(λ), such that ∀k ≥ i A ∈ Ak , and so
ecf(Bk − A) < γk implies (B ′k − A) = ∅. But then ∀k ≥ i
either (B ′k − A) = ∅
or ecf(B ′k − A) = γk . 
The dichotomy of Lemma 12 is the key to the following result.
Proposition 13. If cf(P,≤) = λ > cf(λ) and λ<cf(λ) = λ, then P contains antichains of size cf(λ).
Proof. Now assume P =⋃i<cf(γ ) B ′i . Let T be a set which meets every B ′i in one point, so ecf(T ) ≤ cf(λ). We claim
that any selection
φ ∈
∏
i∈I
(B ′i − T ), I ∈ [cf(λ)]<cf(λ),
whose range is an antichain, is upwards extendible, i.e. ∃k > sup I s.t.
(B ′k − T ) − ran(φ) 
= ∅.
Indeed, for every k < cf(λ) (B ′k − ran(φ)) ⊃ B ′k ∩ T 
= ∅, by the choice of φ. Therefore, by Lemma 12, ∃iφ ∀k ≥ iφ
ecf(B ′k − ran(φ)) = γk
and so
ecf[(B ′k − T ) − ran(φ)] = |γk − cf(λ)| = γk .
Hence, the set in the brackets is non-empty, as required. Of course, the claim proves the proposition. 
Using the last formula in the proof of Proposition 13, it is easy to actually inject ( γ )cf(λ) into the set of antichains
of (P,≤), as in Theorem 11.
Theorem 14. Suppose cf(P,≤) = λ > cf(λ) and λ<cf(λ) = λ. Then P contains λcf(λ) antichains of size cf(λ).
Compare this with Corollary 4.
In order to express the unconditional core of our argument, define
logδ(γ ) = min{κ : δκ ≥ γ }.
Theorem 15. Suppose cf(P,≤) = λ, λ a singular cardinal. Then the number of antichains of (P,≤) of size logλ(λ+)
is at least λlogλ(λ+).
Theorem 15 answers a question of Milner and Pouzet from [6]. Since, by Ko¨nig’s lemma, logλ(λ+) ≤ cf(λ),
the extra set-theoretic assumptions in the assertions 12–14 are logλ(λ+) = cf(λ), and thus Theorem 15 supersedes
Theorem 14 (and Theorem 11, by ω ≤ logλ(λ+)).
Since larger, in the sense of the ℵ-function alone, singular cardinals λ = cf(P,≤) do not seem to help to produce
larger antichains, the expectation is that there should be a counterexample to Question 5, possibly even when 2ℵ0 > λ.
Finally, define a class of cardinals C = {κ : κ is a cardinal, cf(κ) = ω1, κω > κ}.
Question 16. Is it consistent that C is a proper class? If not, then the Singular Cofinality Conjecture holds “ultimately”
(in ZFC) — in the case of cf(λ) = ω1.
I. Gorelic / Annals of Pure and Applied Logic 140 (2006) 104–109 109
Acknowledgement
The author is very grateful to Menachem Kojman for his unstinting support.
References
[1] A. Hajnal, N. Sauer, Complete subgraphs of infinite multipartite graphs and antichains in partially ordered sets, Discrete Math. 59 (1986)
61–67.
[2] T.J. Jech, Set Theory, New York, 1978.
[3] E.C. Milner, Recent results on the cofinality of ordered sets, Ann. Discrete Math. 23 (1984) 1–8.
[4] E.C. Milner, M. Pouzet, On the cofinality of partially ordered sets, in: I. Rival (Ed.), Ordered Sets, Reidel, 1982, pp. 279–298.
[5] E.C. Milner, M. Pouzet, On the width of ordered sets and Boolean algebras, Algebra Universalis 23 (1986) 242–253.
[6] E.C. Milner, M. Pouzet, Posets with singular cofinality, 1997, preprint.
[7] E.C. Milner, K. Prikry, The cofinality of a partially ordered set, Proc. London Math. Soc. (3) 46 (1983) 454–470.
[8] E.C. Milner, N. Sauer, Remarks on the cofinality of a partially ordered set and a generalization of Ko¨nig’s lemma, Discrete Math. 35 (1981)
165–171.
[9] M. Pouzet, Parties cofinales des ordres partiels ne contenant pas d’antichaines infinies, 1980, preprint.
[10] A. Rinot, On the consistency strength of the Milner/Sauer conjecture and other aspects of partial orders with singular cofinality, M.Sc. Thesis,
Tel-Aviv University, 2005, pp. 1–71.
[11] S. Todorc´evic´, Directed sets and cofinal types, Trans. AMS 290 (2) (1985) 711–723.
